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Abstract 



^ , The hierarchy structure associated with a (2+l)-dimensional Nonhnear Schrodinger 

H I equation is discussed as an extension of the theory of the KP hierarchy. Several 

methods to construct special solutions are given. The relation between the hier- 
archy and a representation of toroidal Lie algebras are established by using the 
language of free fermions. A relation to the self-dual Yang- Mills equation is also 
discussed. 
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1 Introduction 



There have been many studies on mult i- dimensional integrable evolution equations. An 
example of such equations was given by Calogero [0], which is a (2 + l)-dimensional 
extension of the Korteweg-de Vries equation, 



^t . "'xxy ' UUy -\- Ux 



Uydx. 



XI) 



Bogoyavlensky ||Bol|| showed that there is a hierarchy of higher-order integrable equations 
associated with (|1.1|) . In the previous paper [[1T1|| , two of the present authors generalized 
the Bogoyavlensky's hierarchy based on the Sato theory of the Kadomtsev-Petviashvili 
(KP) hierarchy [^, |SS|, |DJKM| , |JM| , |JMD| , [UT|| , and discussed the relationship to toroidal 
Lie algebras. We note that the relation between integrable hierarchies and toroidal 
algebras has been discussed also by Billig [Q , lohara, Saito and Wakimoto |[1SW1| , [1SW2| 
by using vertex operator representations. 

In this paper, we shall consider a (2 + l)-dimensional extension of the nonlinear 
Schrodinger (NLS) equation ||Bo2| , |S^ , |Stl| , |St2|| , 



X 



iuT + uxY + '2u (IwHydX = 0, 

and the hierarchy associated with this equation. In the case X 
reduced to 



:i.2i 



Y, this equation is 



iuT + uxx + 2|'u| u = 0, 



;i.3) 



which is the celebrated Nonlinear Schrodinger (NLS) equation. Equation ( |1.2| ) is related 
to the self-dual Yang-Mills (SDYM) equation, and has been studied by several researchers 
from various viewpoints: Lax pairs [|Bo2| , [S^ , ^tl|| , Hirota bilinear method ||SOM| , |St2|| , 
twistor approach [^t2 |, Painleve analysis [^^j, and so on. Strachan ||St2|| pointed out 
that ( p..2|) is transformed to Hirota-type equations. 



(i^T + DxDy)G ■F = 0, 



Dj^F-F 



2GG, 



with the transformation u = G/F. Here we have used the Hirota's D-operators, 



D^---D-J.g=id^ 



d,,r---idy-dy,rfix,...,y)gix\...,yX,__ 



■■x,y'=y ' 



;i-4) 



;i.5) 



and the bar ^ denotes complex conjugation. Based on the bilinear equations ( |L4| ), 
Sasa, Ohta and Matsukidaira |pOM|| constructed determinant-type solutions. Their work 
strongly suggests that equation ( |1.2| ) may be related to the KP hierarchy. 

The main purpose of the present paper is to generalize the results of the previous 
work ||rLl|| so that we can treat equation ( |1.2| ) and the SDYM equation. We shall use 
the language of formal pseudo-differential operators (PsDO for short) that have matrix 
coefficients. In other words, we will generalize the theory of the multi-component KP 



hierarchy |^, ^, |UT|| to the (2 + l)-dimensional NLS hierarchy. We will also use the free 



fermion operators [ pjKM| , | J M| , |J ML)| ] to clarify the relation to the toroidal Lie algebras. 



This paper is organized as follows: In Section 2, we introduce SDYM-type time evo- 
lutions to the 2-coniponent KP hierarchy and show that the resulting hierarchy contains 
the (2 + 1) -dimensional NLS equation ( |1.2|) . We also discuss bilinear identity for the 
r-functions, and relation to the SDYM equation. In Section 3, we present two ways 
to construct special solutions. Relation to toroidal Lie algebras is explained in Section 
4. Based on the Fock space representation, we derive the bilinear identities from the 
representation-theoretical viewpoint. Section 5 is devoted to the concluding remarks. 

2 Formulation of the (2 + l)-dimensional NLS hierar- 
chy 

2.1 2-coniponent KP hierarchy 



We first review the theory of the multi-component KP hierarchy |[Di| , |5a| , |UT|| in the 



language of formal pseudo-differential operators with {N x A^)-matrix coefficients. 

Let dx denote the derivation d/dx. A formal PsDO is a formal linear combination, 
A = J2n ^nd"^, of integer powers of d^ with matrix coefficients a„ = a„(a;) that depend 
on X. The index n ranges over all integers with an upper bound. The least upper bound 
is called the order of this PsDO. The first non- vanishing coefficient Oat is called the 
leading coefficient. If the leading coefficient is equal to /, the unit matrix, the PsDO is 
said to be monic. It is convenient to use the following notation: 



[A]>o = 5^a„a:, [A]<o = 5^a„9^", {A),"^ a,. (2.1) 



Addition and multiplication (or composition) of two PsDO's are defined as follows. 
Addition of two PsDO's is an obvious operation, namely, the termwise sum of the coef- 
ficients. Multiplication is defined by extrapolating the Leibniz rule 

^>/ = E(fc)/^'^^^'' (2.2) 

fc>0 ^ ^ 

to the case where n is negative. Here the circle "o" stands for composition of two 
operators, and f''^^ the fc-th derivative d^ f /dx^ of /. More explicitly, the product C = 
Ao B oi two PsDO's A = ^^ a„(9" and B = ^^ &n<9" is given by 

c = J2 l/iy^iKdr-' (2.3) 

m,n,k ^ 

Note that the n-th order coefficient c„ = {C)n is the sum of a finite number of terms. Any 
PsDO A = J2n<N (^nd^ with an invertible leading coefficient a^ has an inverse PsDO. 
In particular, any monic PsDO is invertible. We shall frequently write AB rather than 
A o S if it does not cause confusion. One can make sense of the action of PsDO's on 
e'^^ by simply extrapolating the derivation rule d^e^^ = A"e'*'^ to negative powers of dx- 



Hereafter we consider only the 2-coniponent case since it is sufficient for our purpose. 
However it is easy to generalize the results below to higher-component case. Let us 
introduce the 2-component version of the Sato- Wilson operator, 



W'^^I + Y.^r.d-^ (2.4) 



def 

1 + 

n=l 



where Wj = Wj (x, x^^^ , x^"^^ ) denote the (2 x 2)-matrix- valued functions that depend on in- 
finitely many variables (x, x^^\x^'^^) = (x, x^ , Xg , . • • ^^1^X2 , ■ ■ ■)■ The 2-component 
KP hierarchy is defined by the Sato equation, 



forra = 1, 2, . . . , a = 1, 2, with E^ = {Sia6ja)ij=i,2- 



WE^d'^W 



-r 



(2.5) 
J >o 



2.2 From the 2-coniponent KP hierarchy to the (2+l)-diniensional 
NLS hierarchy 

We impose the constraint [VF9i.VF ]<o = 0, which means that 

Wd.W'' = Id,, (2.6) 



"^ 0, f^ + ^lH^.O. (2.7) 



or equivalently, 

If a PsDO A satisfies the condition [Sj^, A] = 0, the correspondence 

A = J2and: ^ A(A) = 5^a„A" (2.8) 

preserves sums, products and commutators. Here A is used as a formal indeterminate 
{spectral parameter) . Under this constraint, we can use the correspondence (|2.8| ) and the 



remaining time evolutions are those of x„ = Xn — x„ . The evolution equations with 



respect to x„ are obtained from (|2.5|) : 

dW(X] 

^ip^ = B^{X)Wi\) - A"W(A)Q, 

dxn (2.9) 

S„(A) '^=^bW(A) -B(f)(A) = [rW{\)QW{\)-%^, 

with Q = El — E2. For example, the explicit form of -Bi(A) and -B2(A) are given by 

Bi{X) = XQ + wiQ-Qwi, 

B2{X) = X^Q + X{wiQ — Qwi) + {W2Q — QW2) — {wiQ — Qwi)wi. 



We now introduce a new set of infinite time variables y = {yo, yi, . . .). Since the first 
one yo plays a special role, we will use the notation y = {yi,y2 . . .). The time evolutions 
with respect to y are defined as 



^'^W=C„(A)W(A)H-A"«'^W 



dyn 
C„(A) 



dyo 



dyo 



(2.11) 



>o 



We remark that the variables y are essentially the same as those appeared in the works 
on hierarchy structure of the SDYM equation |0, ^, [r2| , [T^ , P?4|| . 

Define a formal series ^(A) (called the formal Baker-Akhiezer function) as 



*(A) ""^ iy*o(A) = / + 5^^„A-" *o(A), 



n=l 



*o(A) 
where ^{x; A) is given by 



def e 



^£,{x■,\)+^J.yo+^J■S.iy■,\) 









(2.12) 
(2.13) 



efeA)'=^'^x„A". 



:2.14) 



n=l 



Unlike the ordinary NLS case, the spectral parameter A = \{y) may depend on the 
variables y as 



dyn dyo ' 



(2.15) 



Both of the additional spectral parameters /i, u are constants with respect to x and y. 
Note that ^o(A) obeys linear differential equations. 



_d_ 

dXr, 



*o(A) = A"Q*o(A), 



^*o(A) = A"^*o(A). 
oyn oyo 



In terms of ^(A), the evolutions equations ( p.9| ) and ( |2.11| ) are rewritten as 

d 



dXn 



-*(A) = B„(A)*(A), 



|-*(A)^(C„(A).A"|-)*(A). 



(2.16) 

(2.17) 
(2.18) 



The compatibility condition for (|2.17 ) with ra = 1, 2 gives 



dxo 



,(21) 



dxj 

.2„„{21) 



+ 8 W 



(12)x2„„{21) 



W 



1 5 



dw{ ' d w\ 



:2.i9) 



dxQ 



dxl 



+ S{w 



(21)x2,„(12) 



W 



1 1 



where Wi denotes the (z,j) -element of the matrix wi. If we set u = —2wi , u = 2w[ , 
ti = ixi and ^2 = 2ix2, then equations ( p.l9|) are reduced to the NLS equation (|1.3| ). 



In the case of ra = 1, equations (|2.17|) , ( p.l8|) can be written explicitly as 

^ *(A) = (AQ + WiQ - Qwi)<if{X), 



dxi 



dyi V 9yo dyo 



(2.20) 
(2.21) 



The compatibility condition for (p.20|) and ( p.21j ) is reduced to the following nonlinear 
coupled equations: 






(n)_^(22). 



(22), 



W 



(2.22) 



If we impose the conditions 



w 



(21) 



—W 



(12) 
1 ? 



W 



(22) 



W 



(11) 

1 ' 



Xj G ill 



Vj e 



(2.23) 



equations ( p.22| ) yield the (2 + l)-dimensional NLS equation ( |1.2| ) by setting u 



w 



(12) 



X = ixi, y = yo, t = —yi. In this sense, the evolution equations (^75|) and ( p.ll|) , with 
the reduction condition ( |2.(j| ), give a hierarchy of integrable equations associated with 
the (2 + l)-dimensional NLS equation (|1.2|). We note that the linear equations ( p.20|) , 
( |2.21| ) are the Lax pair that has been given in several preceding works jBo2| , p^ , [Stl L |St 



2.3 Relation to the self-dual Yang-Mills equation 



We first briefly review the classical theory of the self-dual gauge fields [0, 0]. Let 
Au = Au{y,z,y,z) {u = y,z,y,z) be matrix-valued functions. Here the suffix does not 
denotes the differentiation. Define the field strength Fuv {u, v = y,z, y, z) as 



F — f)A— r)A-^\A 41 
The self-dual Yang-Mills (SDYM) equations is formulated as 



yz 



F— = n 

^ yz "J; 



^ yy ^ ^ ^ 



0, 



which is invariant under the gauge-transformation 

A„ ^ A„ = G^AuG + G-\duG). 
Under the suitable choice of G of ( p.26| ), we can take Ay = A^ 



(2.24) 

(2.25) 

(2.26) 
and the self- 



duality equations (|2.25|) is reduced to 



Oy-^Z OzAy + [Ay, A 2 



CfyAy -\- OzAz 



yy-r^y 



0. 



(2.27) 



The second equation ensures the existence of the potential w such that 

Ay = -d;,W, As = dyW. 

In terms oi w, we can rewrite ( ^.27| ) as 

{dydy + d;,d2)W + [OyW, d;,w] = 0. 



(2.28) 



(2.29) 



We note that this equation appeared in several works on the SDYM [pLR] , |LM| , pa[] 
and is associated with a cubic action ||LM| , pa|] . The nonlinear equations (|2.29|) can be 
obtained as the compatibility condition for the following linear equations: 



(d, - \dy + dyW)^ = 0, {dy + \d , " d,W)^ = 0. 



^2.30) 



These equations are of the same form as ( |2.21|) . To treat these equations simultaneously, 
we introduce another set of variables z = {zq, zi, Z2, . . .), which play the same role as y, 



I.e., 



|-*(A)=(C„(A)-HA»A)*(A). 
In particular, the evolution equation with respect to zi is 



(2.31) 



(2.32) 



Setting j/o = y, yi = z, zq = z, zi = —y, and Wi = w, we can identify ( |2.21| ) and ( |2.32|) 
with the linear equations ( p.3Q|) for the SDYM. 



2.4 Bilinear identity 

Theorem 1. The formal Baker-Akhiezer functions ^{X;x,y) satisfy the bilinear equa- 
tion, 

(f ^ \'^^{X;x,yo - abA),y + b)^i\;x!,yo - C{c, X),y + c)-' = 0, (2.33) 

J 27ri 

for k > 0. Here x, x', y, b and c are understood to be independent variables. The 
contour integral is understood symbolically, namely, just to extract the coefficient of X^^ : 
f AMA/(27ri) = 6n,~i. 

Proof. In the case of x' = x, 6 = c = 0, it is clear that 

/ ^ A^^(A; X, y)*(A; x, y)-' = 0, (2.34) 

J Zm 

for k > 0. Iteration of the evolution equation of ^{X]x,y) gives rise to higher order 
equations of the form. 



d^ld^'^ . . . *(A;x,y) = B,,,,,,...(A)*(A;x,y), 



(2.35) 



for k, «!, a2, • • • > 0, and Ba^^a2,-{^) being a polynomial in A. Combining these equations 
with ( p.34|) , we obtain the bilinear equations, 



/^^'(C^S---*(A;i^,y))*(A;x,y)-^ = o, (2.36) 

which can be cast into a single equation, 

/ ^ A'^^IA; X, y)*(A; x', y)-! = 0. (2.37) 

J ITXI 

Next we use ( p.l8|) to obtain 

{dy, - \dy,Y^{dy., " A ^ 9,,/^ . . . ^ ( A J X , ^ ) = C^, ,^„ . . . ( A ) ^ ( A J X , ^ ) (2.38) 

for /3i,/32, . . . > 0, C/3j,/32,...(A) being a polynomial in A. This yields 

/ ^ ^' (^1 - >^dy,f'{dy, - X'dy,f- . . . ^(A; x,^)) *(A;x',y)-i = 0, (2.39) 



and we have 



/A \ 
— X'^X; X, yo - ^k A), y + 6)*(A; x', yo, y)-' = 0. (2.40) 

Similar discussion with the differential equations for ^(A)"^ gives the desirous result. D 

Now we derive the bilinear identity for r-functions of the (2 + l)-dimensional NLS 
hierarchy. In the 2-component case |Di, |JM] , [UT|| , we need three r-functions F{x,y), 
G{x, y) and (^(x, y) that are consistently introduced by 

( F(.iC) - |A-il..iP),j,) A-'G(il'>,i<« - |A-'1,|,)\ 



X 



F(x« + [A-i],x(2),y) _A-iG(x« + [A"i],x(2),y) 
-A-iG'(x«, x(2) + [A-i], y) F(x«, x(2) + [X'^y) 



def 



where we have used the notation [A~^] = ( 1/A, 1/2A^, 1/3A^, . . . ). For the moment, we 
will forget the complex structure, i.e., G is not assumed to be the complex conjugate of 
G. Note that F, G and G depend only on x„ = Xn — Xn under the condition ( [2.61 ). 
The denominator of the integral of ( |2.33|) is of the form 

F{x,y, - ah,X),y + h)F{xl,y^- i{cA).y + c), (2.43) 

which is a power series. According to Theorem |l], one can insert any power series of A in 
( |2.33| ). If we insert ( [^.43| ) itself therein, the denominator cancels out, so that we obtain 



the following identities for the (2 + l)-dimensional NLS hierarchy: 



Corollary 1. For any non-negative integer k, the functions F, G and G satisfy the 
bilinear equations, 

_ A^-2e««^'-^)/2,A)^^^^ [\-\^ + h^)G{x^-[\-\l + cS\ = 0, (2.44) 

- e««^'-^)/2'^)G(x + [A-i] , y_ + 6,)F(x' - [A-^] , y + cj } = 0, (2.45) 
y"^A'^-i{e5«^-^')/2'^)G(x-[A-i],y + 6,)F(x'+M,y + c,) 

- e««^'-^)/2'^)F(x + [\-\y_ + 6,)G(x' - [\"\y_ + cj } = 0, (2.46) 
where h^ denotes {bo, 6i, 62, • • • ) 'W^^^ the constraint b^ = —C,{b, A). 



The bilinear identities ( p.44D -( 2.46| ) can be rewritten into a series of Hirota-type 



differential equations. The simplest examples are 

Dl^F-F-2GG =0, (2.47) 

{D,,Dy, - DyJG ■ F =0, (2.48) 

(D^.Dy, + DyJG ■ F =0. (2.49) 

These equations coincide with (|1.4|) if we set G = —G, Xi = —iX, y^ = Y, and yi = T. 



3 Special solutions of the hierarchy 

3.1 Double- Wronskian solutions 

We first apply the method due to one of the authors JTli \T2\ , fTsU to construct a special 
class of solutions for the (2 + l)-dimensional NLS hierarchy, which we shall seek in the 
form 

*(A) = (/A^ + tciA^-i + --- + wn) *o, (3.1) 

with Wn = Wn{x,y) being unknown functions. 

As the data for the solution constructed below, let us consider a formal series H(A) = 
Sjgz^iA"-' where ^j = ^j{x,y) are (2 x 2A^)-matrix- valued functions of the form. 



'fi'\x,y) ■■■ f^i{x,yy 
gi\x,y) ■■■ g2if{x,y) 



«^fe2)=r'c,) - ■■■ iiir^;i- (3.2) 



Here we assume 



det 



\ f (0) AN) (0) (TV) / 
\J2N ■■■ J2N y2N ■■■ y2N / 



^ 0. (3.3) 



We furthermore impose the following conditions for H(A): 



H(A) = A"QH(A) + H(A)a„ (n = l,2,...), 



d 

dXn 

. A3(A)=H(Ah, 

where q;„, /3„, 7 are (2A^ x 2A^)-matrices. 

We now consider a monic polynomial W n{^) of the form 

Wn{\) = /A^ + wiX""-^ + --- + WN, 

which is characterized uniquely by the linear equation 

Solving equation ( |3.8| ) explicitly by the Cramer formula, we have for example 

(12) ^ , .N |0,l,---,iV;0,l,---,iV-2| 

"^1 ^ ^ |0,l,...,iV-l;0,l,...,iV-l|' 

..(21) = i i)N+i |0,l,---,iV-2;0,l,...,iV| 
^ ^ ^ in 1 ,,Ar-l;0,l,...,Ar-ir 



10,1 



where we have used the notation due to Freeman and Nimmo 



\k. k -L 1 

I"'!; • • • ! "^mi 'l) • • • ; ''n 



def 



(fcl) 



/ 



Aki) 
J2N 



Akm) Ah) 
il i/l 



f(fc™) „('i) 
i27V y2Af 



,(«n) 



^i 



.?;^^ 



(3.4) 

(3.5) 
(3.6) 



(3.7) 



(3.8) 



(3.9) 



(3.10) 



Proposition 1. The monic polynomial W is[{\) characterized by (|3.8|) solves (|2.5|) and 
(p.ll|) simultaneously. 



Proof. From (p.6|), we obtain 



/^^""'"W^W""- 



(3.11) 



for any non-negative integer n. Differentiating ( p.8| ) with respect to x„ and applying 
we have 



dA /aiyjv(A) 



27riA \ dxn 
There exist polynomials S„(A) and R{X) such that 



+ A"VF^(A)Q H(A) = 0. 



(3.12) 



^^p^ + A"li^^(A)Q = B„{\)W^{\) + R{\), 



(3.13) 



where the degree of -R(A) is at most A^ — 1. In view of ( |3.11| ) and ( ^.121 ), we obtain 



^i?(A)H(A)dA = 0. The condition ( p.3|) imphes -R(A) = and that WnW satisfies 
I). 
Differentiating ( p.8| ) with respect to ?/„ and applying ( p.5| ), we have 

dA fdW.iX) ,;,n^^(;,)^^3(;,)=o. (3.14) 



27riA V dyn dyo 

We can rewrite the second term in the left hand side as follows: 



Thus we obtain 



Wn{^)i::— = t:—oWn{X) t: • (3.15) 

dyo dyo dyo 



dA faw„ix) ,,.9w;^\ s(„ ^ „, ,3,1,) 



27riA V dyn dyo 

Since the expression in parentheses is an polynomial in A, we can apply exactly the same 
argument above to get the unique polynomial C„(A) and show that WnW satisfies 



Note that equations ( p.4|) -( pT6D are invariant under the transformations 

H(A) ^ H(A)/f, (3.17) 

flJ-f 

otn ^ H~^anH + H-'^, (3.18) 

/3„ ^ H-'f3nH + H-'^-H-'r^, (3.19) 

dyn dyo 

7 ^ H^jH, (3.20) 

where H = H{x, y) is an {2N x 2A^)-invertible matrix. These formulas are a general- 
ization of the transformations (2.22) of [fT^ . As discussed by one of the authors [p?2|| , 



this invariance property shows that the manifold from which the unknown functions 
{wi, . . . , Wn} take values is essentially a Grassmann manifold. 
We now consider the reality condition ( ^^.231 ): 



Proposition 2. Let Pi be a {2 x 2)-matrix and P2 a {2N x 2N)-matrix, both of which 
are invertihle. If^j satisfies the condition, 

H, = PiH,P2, (3.21) 

then the corresponding Wn satisfies 



P^'WnPi = Wn. (3.22) 

In particular, if Pi is of the form 

-1 J)- (3-23) 



10 



the coefficients w. 



{wf )a,b=i,2 satisfies 



(22) (11) (21) 



—w 



(12) 

j ' 



(3.24) 



which agree with ( |2.23| ). 

Proof. Taking the complex conjugation of (|3.8| ), we have 



f^iPi'WN{x)PiMX) = o. 



(3.25) 



Then we find that two monic polynomials Wn{X) and P^ Wn{X)Pi are characterized 
by the same data 3(A). This proves the results. D 

We shall give an example that corresponds to soliton-type solutions. For the purpose, 
we choose the form of fj and gj of ( p.2|) as 



fk\x,y) = afcj4exp 



n=l 



=1 n=l 

oo oo 



n=l 



n=l 



(3.26) 



where r,, r'^ {i = 1,. . . ,N) are arbitrary complex numbers, and pi = Pi{y), ai = ai{y), 
bi = bi{y) {i = 1, . . . ,N) are arbitrary (local) solution of the equations 



dpi _ j^dpi_ dai_ _ „9a£ dhi_ _ n ^bj 
dyn ' dyo ' dyn ' dyo ' dy^ ' dyo 



fn = l,2. 



(3.27) 



Moreover, Pi{y) {i = 1, . . . , A^) are assumed to be pairwise distinct. Then H(A) satisfies 
the linear equations ( |3.4| )- (|3l6| ). 

Furthermore, if we impose the condition 



^2j — a-2jr-l, Cl2j — —b2j~l, P2j — P2J-1, 

l,...,iV), 



r2j = r'^j-x. r^j = ^2i-i (j = 1. 

(n = l,2... 



(3.28) 



(2) (1) 



then the corresponding Sj satisfies (|3.21| ) with Pi of ( |3.23| ). We conclude that the 
polynomial Wn{X) constructed from the data above gives a solution of the (2 + 1)- 
dimensional NLS hierarchy. Especially for equations ( |2.22| ), the solution is given by 
quotient of the "double Wronskian" ( p.9|) . 



3.2 Application of the Riemann-Hilbert problem 

In case of the SDYM hierarchy, the Riemann-Hilbert problem plays an important role 
yji^' Y G| , [T^ , |U 1N| , [W[] . We shall show how to apply this problem to the (2 + l)-dimensional 
NLS hierarchy. 
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We first consider two solutions ^ and $ of ( |2.18D , wliich are analytic functions on 
|A| > 1 — e (including A = cxd) and |A| < 1 + e respectively. Here e is a constant and 
< e < 1. We further assume that both ^ and $ are invertible. If we define g{X) as 

g{X) = *(A)-i$(A), (3.29) 

then g'(A) is holomorphic onl — e<|A|<l+e and satisfies 

^ = A'.M^. (3.30) 

dyn oyo 

In other words, g = g{X; y) is invariant under the translation, 

g{\-,y)=g{\-,y_ + h;){=g{\-yo-ahA).y + h)). (3.31) 



On the contrary, starting from g with the property ( p.31|) , we can reconstruct ^ and $ 



that satisfy the analyticity requirements (the Riemann-Hilbert problem). Hereafter we 
assume that ^(6, A) and ^(c. A) are analytic functions on |A| < 1 + e. This is a growth 
condition on the behavior of 6„ and c„ as n — i> oo. 

So far we have not included the NLS-type time evolutions x. To this aim, we define 
g = ^(A;x,y) as 

g{^;x,y) =exp[^{x,X)Q]g{X]y)exp[-^{x,X)Q], (3.32) 

where we assume g{X]y) enjoys the invariance ( |3.31| ). Starting from this g, we consider 
the Riemann-Hilbert decomposition of the matrix g such that 

g{X;x,y) = W{X;x,yr'V{X;x,y), (3.33) 

where W{X) and V{X) are analytic functions on |A| > 1 — e and |A| < 1 + e respectively. 
Proposition 3. If we define ^(A) as 

*(A) = VF(A)exp[e(x,A)Q], (3.34) 

then ^(A) solves the bilinear identity (|2.33| ). 



Proof. The translational invariance g{X;x,y + b;^) = g{X;x,y + C;)^) reads 

W{X;x,y + b^) ■ W{X;x,y + c,)-' = V{X;x,y + b,) ■ V{X;x,y + c^)-\ (3.35) 
Since the right- hand- side is analytic on |A| < 1 + e, we have 

/A \ 
— X''W{X;x,y + b^)-W{x,y + c^r' = 0, (3.36) 

ivri 

where the contour is taken as the unit circle with the center at A = 0. 

On the other hand, the function g{X;x,y) satisfies the differential equations 

^^g^~'- =A"[Q,g(A;x,y)] (3.37) 
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for n = 1,2 which entails 



X'W{\)QW{\)-^ + ^^^W{\)-^ = A"V(A)QF(A)-^ + ^^^V{X)-\ (3.3^ 



dXr 



dXr. 



From the analyticity requirements, it follows that the left-hand-side is a polynomial of 
degree at most n, which we denote -B„,(A). It is straightforward to shows that 



d^jX) 
dx„. 



S„(A)*(A), 



(3.39) 



which are nothing but the evolution equations ( p.l7|) . With these equations, we can 
apply the same argument as the proof of Theorem |I|. The resulting equation coincides 
with ( ^331) . D 



Sasa et al. constructed a class of solutions of the (2 + l)-dimensional NLS equation 
L^ ) that are expressed in terms of two-directional Wronskians [[SOM|| . In the case of 



the SDYM, this class of solutions has been discussed by Corrigan et al. ||CFYG|| based 
on the Atiyah-Ward ansatz ||W[| , 



g{^\y) 



A^ Q{X:y) 
A-^ 



(3.40) 



Substituting this g for ( |3.32D , we know that g is of the same form; 

'A^ Q{X;x,yY 



9{^;x,y) 



A-^ 



^(A; X, y) = g{X] y) exp[2^(s. A)]. 



(3.41) 



Applying the same argument as that of Corrigan et al. fCFYGI, we can obtain a class of 
solutions to the (2 + l)-dimensional NLS hierarchy, which is an extension of the solutions 
of Sasa et al. 



4 Relation to the toroidal Lie algebras 

4.1 Definitions and a class of representations 

We start with the definitions of the (M + l)-toroidal Lie algebra, which is the univer- 
sal central extension of the (M -|- l)-fold loop algebra | Kas , MEY ]. Let g be a finite- 
dimensional simple Lie algebra over C Let R be the ring of Laurent polynomials of M+ 1 
variables C[s^^,ti'^^, . . . ,t^]- Also assume M > 0. The module of Kahler differentials 
Qfi of R is defined with the canonical derivation d : i? — > Qf(. As an i?-module, Qji is 
freely generated by ds, dti, . . . , dt^- Let ~ : Qr — * Qji/dR be the canonical projection. 
Let /C denote flR/dR. Let (-I-) be the normalized Killing form ||Kacl|] on q. We define 



the Lie algebra structure on g 



tor 



def 



(g) i? © /C by 



[X^f,Y(E)g] = [X, Y](E)fg + {X\Y){df)g, [/C, 0*°^^] = 0. 

This bracket defines a universal central extension of g -R |[Kas| , |MEY| . 



(4.1) 
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We have, ioi u = s,ti, . . . ,tM, the Lie subalgebras 



Qu = Q(S)C[u^']®Cd\ogu, (4.2) 

with the brackets given by 

[X ® m", y ® u"] = [X, Y] ® m"+" + m6m+n,oiX\Y) K^, (4.3) 

which are isomorphic to the affine Lie algebra g with the canonical central element 
Ku = dlogM. In terms of the generating series, 

X(;2) = ^X®u"-z-"-\ (4.4) 



the relation ( |4.3| ) is equivalent to the following operator product expansion (OPE, in 
short. See, for example, [|Kac2|| ) : 

Xiz)Yiw) ~ -^[X,Y]iw) + ^—^(X\Y)K^. (4.5) 

z — w [z — wy 

We prepare the generating series of 0*°"^ as follows: 

def 



K'J,z) = ^sHJ^d\ogs-z-'', (4.7) 

ngZ 

^SW = 5Z5"^-dlogtfc-^-"-\ (4.8) 



nei 



where A £ g, m = (mi, . . . , mAf) G Z^% t^ = t"^ ■ ■ ■ t™", and fc = 1, . . . , M. The 
relation d(s'^t— ) = can be neatly expressed by these generating series as 

-Kj,z) = Y,muKUz). (4.9) 

fe=i 

and the bracket (|4.1| ) 



as 



Xrn{z)Yj,w) ^[x,y]^+„(^)+ _^ (X|y)ir4^j^;) 



Af 



E^(^l^)^-H-nH- (4-10) 



Z — W 
fc=l 



To construct a class of representations of g , we consider the space of polynomials, 

def M 



® {C[yf\ J G N] ® C[e±^o''] j . (4.II) 

We define the generating series 



^» . 



M 



for each A; = 1, . . . , M, m G Z^^ 



TieN fc=i 



neN 



(4.12) 
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Proposition 4. Let (V, vr) be a representation ofgs such that dlogs ^-^ c-idy for c & C 
Then we can define the representation vr*"'' of g*""^ onV ® Fy such that 



K'rniz) ^ C-idv(S)Vrniz), 

K'^iz) ^ c-idv^V>^'\z)VUz), 



(4.13) 
(4.14) 

(4.15) 



dcf 



^.n\ ^— n— 1 



where X e Q, m e Z and X'^(z) = Xlnez ^(^ ® '^")^ 

Proof. By the OPE ( |4.5| ) and the property Vm{z)Vn{z) = Vm+niz), we obtain 



(Xiz) ® Vrniz)) (Yiw) ® Vniw)) 



2; — U7 



{z — w)' 



;iX\Y) 



V^{w) + ?^^{z-w)\V^iw) 



z — w 



dw 



-[X,Y]{w)(^Vrn+niw) + 



{z — w)' 



iX\Y)(^Vrn+niw) 



M 



fc=i 



z — w 



{X\Y)^'^'\w)V^+n{w) 



Comparing the last line to ( [4.10| ), we have the desirous result. 



(4.16) 



D 



Remark: In the preceding works ||BB| , [ITlj [ISW1| , |ISW2|| , a much bigger Lie algebra that 
includes the derivations to g*""^ is considered. Here we do not consider the derivations 
since those are not needed for our purpose, i.e., treating the (2 + l)-dimensional NLS 
hierarchy. 

Hereafter we consider only the stg^-case to treat the (2 + 1) -dimensional NLS hier- 
archy. The generators of SI2 is denoted by E, F and H as usual: 



[E, F] = H, [H, E] = 2E, [H, F] = -2F 



(4.17) 



We prepare the language of the 2-component free fermions ||JM|| . Note that the 
notation we use below is that of ||JM|| and slightly different from that of [[l'Ll| , |JMD 



(") ^/,(")* 



(4.18) 



Let A be the associative C- algebra generated by ijjj \ Wj (j ^ ^) « = 1)2) with the 
relations, 

In terms of the generating series defined as 

^W(A) = ^^(")A^ ^(°)*(A) = 5^^(-)*A-'^ (a = 1,2), (4.19) 



[c^ ^r^i+ = ^^A^^ [^t'\^f\ = [#^*, ^r*w = 0. 



n& 



n& 
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(4.20) 



the relation ( |4.18| ) are rewritten as 

[^(")(A),^(^)(/i)]^ = [V^(")*(A),^(^>(/i)]^ = 0, 

where (5(A) = J2nez "^"^ ^^ ^^® formal delta-function. 

Consider a left ^-module with a cyclic vector |vac) satisfying 

^]")|vac) = (j<0), Vf^>ac) = (j > 0). (4.21) 

This ^-module ^|vac) is called the fermionic Fock space, which we denote by JF. We also 
consider a right ^-module (the dual Fock space JF*) with a cyclic vector (vac| satisfying 

(vacl^f ^ = (j > 0), (vaclV-f )* = (j < 0). (4.22) 

We further define the generalized vacuum vectors as 

1^2, ^i) = *i?*SVac), (.1, .21 = (vac|v&«*vl/(f , (4.23) 

r#*---# (s<0), r^i"i^---#^ (5<0), 

v^i")=Wl (. = 0), ¥:^>'^ll {s = 0), (4.24) 

[^2 ■■■4") (.>o), [^"^^■■■V'it (^>0). 

There exists a unique linear map (the vacuum expectation value), 

J^*®A^ — ^C (4.25) 

such that (vac| ® |vac) i-^ 1. For a G ^ we denote by (vac|a|vac) the vacuum expectation 
value of the vector (vac|a ® |vac)(= (vac| ® a|vac)) in JF* (g)_4 JF. Using the expectation 
value, we prepare another important notion of the normal ordering: : V'i V] • = 

,(q) ,(/?)* / I ,(a) ,(/3)*| \ 

W Vf - (vac I?/'- V} I vac). 

Lemma 1. ( l[DJKJVi^ , \n\ |7M^/ j T/ie operators 



E{z) = i)^^\z)ij^^>{z), 

F{z)=ij^^\z)^^^>{z), (4.26) 

ii'(z)=:V^W(z)7/'«*(2): - :V^(2)(^)^(2)*(^).^ 

satisfy the OPE ( [4.5[ ) mi/i c = 1, i.e., g'zve a representation of SI2 on the fermionic Fock 
space T . 

From Lemma |1| and Proposition ^, we have a representation of 0*™ on JF*°'' = T ®Fy. 
We will use this representation in what follows to derive bilinear identities. Note that 
the operators F{z\ F{z) and ii{z) are invariant under the following automorphism of 
fermions: 

i{4t) = ^j+i, ^i^h = i'lt (j e Z, a = 1, 2). (4.27) 
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4.2 Derivation of the bilinear identity from representation the- 
ory 

We first introduce the following operator acting on JF*°'' (g) JF*™: 

^tord^f ^ ^ /^^H(A)r^(^;A)®^(")*(A)l^_^(y';A). (4.28) 

m&M 0=1,2 -^ 

Lemma 2. The operator ^7*°'' enjoys the following properties: 

(i) p'°\ sif ® 1 + 1 ® slf] = 0, (4.29) 

(iz) n''"{\s2,si)®lf^ = 0. (4.30) 

Proof. Since the representation of 312°^^ under consideration is constructed from Lemma 
D, it is enough to show 

[n'°\ ^(")(p)^(^)*(p)K(y;p) ® 1 + 1 ® V^('^)(p)V^(^)*(p)K(^';p)] = 0, (4.31) 

for a,P = 1,2 and n G Z*^. From ( [4.20| ), we have 



[^(-)(p)^W*(q),^('r>(X)]=-S^^5ip/X)^^^\q). 

These equations and the relation Vmiv', A)Ki(y; A) = Vm+niy, A) give the commutativity 
above. D 

If we translate Lemma ^ into bosonic language, then it comes out a hierarchy of 
Hirota bilinear equations. To do this, we present a summary of the boson-fermion corre- 
spondence in the 2-component case. Define the operators Hn as Hn = J2jez ^jH^j+n 
for n = 1,2, . . . , a = 1,2, which obey the canonical commutation relation [Hm , Hn ] = 
m(5m+n,o'^a/3 ■ 1- The operators Hn generate the Heisenberg subalgebra {free bosons) of 
A, which is isomorphic to the algebra with the basis {nxn , d/dxn {a = 1,2, n = 
1,2,...)}. 



Lemma 3. ( ^UJKM{ , \JM{ , \JML\ j) For any \iy) E J-" and Si, S2 G Z,, we have the following 
formulas, 

{s„S2\e^^^'^'^'''¥'\X)\u) 

= (_)^2A^i-Vfe(i),A)^^^ _ l,S2|e^(^'''-[^-']'^'''V), (4.33) 

(si,S2|e^(^''''^'''V^'^*(A)k) 

= (_)-2A-ie-«(2'^'.A)^^^ ^ l,S2|e^(^'''+[^"l'^''^)|z/), (4.34) 

{s„s,\e^^^''''^''y^'\X)\u) 

(si,S2|e^(^''''^'''V^'^*(A)k) 

= A-^^e-«(^''''^)(si,S2 + l|e^(^''''^'''+[^"'])|j/), (4.36) 
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where the "Hamiltonian" H{xp'\ip^) is defined as 

oo 



a=l,2 n=l 



(4.37) 



We prepare one more lemma due to Billig [[Bi 



Lemma 4. (^Bl{], Proposition 3. See also j\[SW3i] ) Let P{n) = '^j>Qn^Pj, where Pj 
are differential operators that may not depend on z. If^n&iZ'^P{n)f{z) = for some 
function f{z), then P(e — zdz)f{z)\^^^ = as a polynomial in e. 

Now we are in position to state the bilinear identity for the (2 + 1) -dimensional NLS 
hierarchy. Let SL2°'^ denote a group of invertible linear transformations on JF*""" generated 
by the exponential action of the elements in s[2 ® -R acting locally nilpotently. Define 
the r-function associated with g G SL2°'^ as 



r:i::Hx!^\^\y) = *-(.;, 4ie^(-'''-'^'^y(y)k2,.i) 



tor 



(4.38) 



def 



def 



where |s2,Si)*°'' = |s2,Si) (8) 1 and ^°^{s[,S2\ = (s'j^js'gl ® 1- Hereafter we shall omit the 
superscripts "tor" if it does not cause confusion. Since g G SLj"'^, the r-function (|4.38|) 



have the following properties [ |JM]| : 

d d 

+ 



r, 



dx) 



(1) 



dx 



(2) 



r_1 ^«^-Sl+«:,s2- 

l / S2,S\ 



r<A 



S2,S\ 



(4.39) 
(4.40) 



,(2)l 



i.e., the r-function depends only on {xj = xy — x'^^'} and {Vj}- 
Proposition 5. For non-negative integers k, li and I2, the r-functions satisfy 



.lY2+^2 



27ri 



yi-1.4 



X T:^J;:sUM-i>^~^y-h)r:^X'''Hx: + [\-\y + b, 

/ 27ri 



X r. 



4-4-1 



32+^2, 



;^Ja: + [X-'U-h)r:if^^^\x! - [X-'],y + h) = 0. 



Proof. This is the direct consequence of Lemmas ^, ^, ^. 
Setting 



T, 



0,0 



0,0' 



G 



r, 



1,-1 



0,0 ' 



G 



-r. 



-1,1 



0,0 ; 



(4.41) 



D 



(4.42) 



one can show that (|4.41|) contains the bilinear equations (|2.44|) - (|2.46|) with the condition 
6 + c = 0. 
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We now turn to the 2-diniensional derivative NLS (DNLS) equation ||Stl[ 

iUT + UxY + 2i ( M / MUl JY 



\u\^)vdX 



0. 



(4.43) 



X 



This equation can also be treated in terms of the bihnear formulation ||SOM]| . Following 
Sasa et al., we set 



u 






u = —- 



where we have assumed 



/ = /, 



P 



9 = -9- 



(4.44) 



(4.45) 



The validity of this assumption will be discussed in the next section. These u and u 
solve (f4.43|) if the variables / and g obey the Hirota equations, 



{iDxDy-DT)f-9 = 0, 

{iDxDy + DrYg ■ / = 0, 

{iDxDY + 2DT)f-f = DY~9-9, 

iDxf ■ f = 99- 



(4.46) 
(4.47) 
(4.48) 
(4.49) 



We note that our bilinearization is slightly different from that of Sasa et al. The first 
two equations can be obtained from ( [4.41|) by making the change of the variables, 



X = ixi, Y = yo, T = yi, 

r _ 1,0 _ 0,1 f _ 0,0 ~ _ 1,- 

/ ~ '^0,1 ' 9 — '^^0,1 ' / ~ ''"0,0 ' 9 — ''"0,0 



(4.50) 



The bilinear identity including the rest two can be obtained in the same way as 
Proposition ^ 

Proposition 6. For non-negative integers k, the r-functions satisfy 
^ ^ 27ri 



X T2':^-(x, + [X-%y - 6,)<-^f +/(x' - [X-'],y + b,) 



' S2,S1 



S2,Sl+l \± 

= <V'iVi (^, yo,y- b)T^lf^ {x!, yo,y + b). 
Proof. Using 

fi*" {\S2, Si)'"' ® \S2, Si + 1)*°^) = {\S2, Si + 1) ® e'"^") ® (\S2, Si) ® e-"^^o 

instead of ( [4.30|) , we can derive the desirous result. 



(4.51) 

(4.52) 
D 
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Expanding ( [4.5 1| ), we can obtain Hirota-type differential equations including the follow- 
ing ones: 



[-l-^xi^yo ^^yiPoll 



1,0 _0,0 



r, 



0,0 



^yo''~o'o 



l.-l 0,1 



'0,1 ' 



D ^1.0.^0,0 0,1 1,-1 

-'-^xi '0 1 'n n T^ 'n 1 'n 



'0,0 



'0,1 '0,0 



(4.53) 
(4.54) 



These equations agree with ( [4.48[ ) and ( |4.49| ). 



4.3 Reality conditions and soliton-type solutions 



In this section, we consider an algebraic meaning of the reality condition ( |3.21D . To this 
aim, we introduce an automorphism p of the fermion algebra as 



P(^^^^) = ^S-i, P(^i"^*) = ^ili (nGZ,a = l,2), 
which have the following properties: 



(4.55) 



^2 - id, 



p{K, 



(")^ 



if^^ (« = 1,2), 



tor 



• (vac|p(gi)|vac) = (vac|gf|vac) , g G SLg* 

We note that the similar automorphism have been discussed by Jaulent, Manna and 
Martinez-Alonso || J MM|| . Assuming the conditions 



x^:^ eiR (nGN, 2 = 1,2), p{g)=g, 



we find that 



{0,0\eHi-^'\-''^)g\0,0) = (0, 0|e^(^*'''^''')^|0, 0), 
(l,_l|e^few,-(^))^|0,0) = (-1, l|e^(^''''2^*'')^|0, 0). 



(4.56) 

(4.57) 
(4.58) 



Under these conditions, the r-functions F, G, G of ( [4.42|) satisfy the reality condition, 

F = F, G = -G. (4.59) 

Next we introduce another automorphism a to treat the (2 + l)-dimensional DNLS 
equation ([4.43|) : 



^(^i^)) = ^f, <^i€^n = €^' 



^i+i, ^(V^^ 



which have the following properties, 

• If i,{g) = g, then a'^{g) = g, 

• (l,0|a(^)|0,l) = (vaclslvac) , ^g G SLf . 



(2)*N 



t 



n+1' 



(4.60) 
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Imposing the conditions 



xii) = xi') (neN), a{g)=g, (4.61) 

we find that 



(0, 0|e^(^''''2i(2^)g|0, 0) = (1, 0|e^(^''''^''')^|0, 1), (4.62) 

/l^_l|e//fe(i),x(2))^|0^0) = -(0, l|e^(^*"'2^*'^)£?|0, 1). (4.63) 



In this case, the r-functions /, g, f, g of (|4.50|) satisfy the reality condition ( [4.45|) . 



As an example of special solutions, we consider soliton-type solutions given by 

4fJ(x«,x(^)) = {s[,s',\e^^^-''''^'''^g^{y)\s2,s,), (4.64) 

TV 

9N{y) = l[exp[a,^P^'\p,)i:^'>{p,)Vm,{y:,p,) ^^_g^^ 

In the NLS case p{gN) = Wn: the parameters should obey the conditions, 

(Ij = Pj, bj = -a] (j = 1, . . . , iV). (4.66) 

In the DNLS case a{gN) = gJi, we have 

?i = Pj^ bj = «^ (J = 1, ■ • • , A^)- (4.67) 

We conclude that the NLS case and the DNLS case have different complex structure 
that correspond to different real forms of the toroidal Lie algebra sl^2^. 

4.4 Bilinear identity for the SDYM hierarchy 

The SDYM equation can also be treated also by the Hirota's bilinear method [^0M|| . 
Toward this aim, we shall take so-called "Yang's i?-gauge" defined as follows: Due to 
(|2.25|) , there exist matrix- valued functions G and G such that 

dyG =GAy, r dyG =GAy, 

d,G = GA,, 1 d,G = GA,. ^ ■ ' 



dcf ^^-1 



If we define the matrix J as J = GG , the self-duality equation (p.25|) takes the form 

dy [J'^dyJ] + 5,- {J~^d,J) = 0. (4.69) 

We then consider the gauge field J of the form. 



1 A -9 \ _ n f _^2 _T3 

/ Ve J - eg J t^ t^ t^ 



2 _), ---, / = -, 9 = -- (4.70) 
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The gauge field J of ( ^.70| ) solves ( ^.691 ) if the r-functions satisfy the following seven 
Hirota-type equations ||SOM|| , 

(4.71) 
(4.72) 
(4.73) 
(4.74) 
(4.75) 
(4.76) 
(4.77) 



^5 + ^2T"8 - 7-4X6 = 0, 

DyTi ■ Ts = D^Ti ■ T2, 
DyT2 ■ Tq = D2T5 ■ T3, 
DyTi ■ Tg = D2T5 ■ T7, 

D^Ti ■ Ts = Dyr2 ■ n, 

DzT2 ■ Tq = DyTs ■ T5, 
DzTa ■ Tg = DyT^ ■ Ts, 

where we have introduced auxiliary dependent variables r4, re, ry, rg. 

The bilinear identity associated with these equations is given as follows: 

Proposition 7. For non-negative integers k, the r-functions satisfy 



.IY2- 



27ri 



+ / i^ \4-4'+fc-2o?({2i'~2l)/2,A) 

/ 27ri 

= r's^+ls^ fe 2/0, y - by^l's^^iix! , yo, y + h) 
- 1-S2 J+i {x, yo,y- &)r4'+i%i {x!,yo,y + b). 

Proof. This can be proved in the same fashion as Proposition H; Use 



\si,s2y'''0\si + i,s2 + iy°') 

= {\si + 1, S2) (S) e'^y^) ® (|si, S2 + 1) ® e-^'y'o) 
- (|si, S2 + 1) ® e"2^o) ® (|si + 1, S2) ® e-^'y'o) 



instead of ( WM - 



(4.78) 



(4.79) 
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Expanding (|4.78|) and applying (|4.39|) , we can obtain the following Hirota-type equations, 



( S1,S2\2 _|_ Si+l,S2 Si,S2 + l 
\ S2,Si ) ' S2 + l,Sl S2,Sl + l 



7-) Sl+l,S2-l 

^yo 's2,si 

7-) Sl-l,S2 + l 



S2,Sl 



Si+l,S2 Si,S2 + l _ n 
S2,Sl + l ' S2 + l,Sl ^^ 

n ^si+i.s2 si+i,s2 



^Sl,S2 



'yi ' S2,si+l 

^Si,S2 + l 



S2 + l,Sl ' 
Sl,S2 + l 



-'^3/i'^S2,si+l ■ ''"S2+1,S1 5 



(4.80) 
(4.81) 
(4.82) 



which agree with ( |4.71|) -( ^.74 ) if we set 






0,0 
^1,-1' 
0,0 



T, 



0,0' 



r2 



ITi 



2/0, 
.0,1 

1,0' 



IT, 



0,1 



0,1 , 



2/1, 



^3 

T-7 ^ 



r, 



-1,1 



Tr 



0,0 , 

1,-1 
0,0 , 



^4 



IT- 



ITf 



.1,0 
1,0' 

1,0 
0,1 • 



(4.83) 
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If we introduce another set of variables {zj {j = 0,1,...)} that play the same role 
as {i/j} and set z = zo, y = —zi, the corresponding r- functions solve (|4.71| )- (|4.77|) 
simultaneously. We remark that the introduction of the variables {zj} corresponds to 
the symmetry of the 3-toroidal Lie algebra as mentioned in Section [4.1| . 

To consider the reality condition for the S'f/(2)-gauge fields, we introduce an anti- 
automorphism K as 

Kiiji^^) = ^i^^* , «:(V^i")*) = ^i") (neZ, a=l,2), (4.84) 

which have the following properties: 

• K^ = id, 

• (vac|K(gf)|vac) = (vaclflflvac), ^g G SLg™. 

Using K,, we impose the following condition on g = g{y,z): 



i^{9{y,z))=giy,z). (4.85) 

Then we find that the r-function ( ^4.38|) with x^^-* = x*-^^ = obeys 



{s'l, s'2\g{y, z)\s2, si) = {si,S2\g{y,z)\s2,s[), (4.86) 

and that e, / and g of ( [4.70[ ) satisfies 

/ = -/, e = g. (4.87) 



If we define J as 



u \ ^ fuj \ 1 + i ,^ ^ 



then J satisfies ( [4.69|) and the reality condition J = ^J (See, for example, Pr| ). 



5 Concluding remarks 

We have described the hierarchy structure associated with the (2 + l)-dimensional NLS 
equation ( |1.2| ) based on the theory of the KP hierarchy, and discussed several methods 
to construct special solutions. Using the language of the free fermions, we have obtained 
the bilinear identities from the representation of the toroidal Lie algebras. 

The solutions constructed explicitly in this paper are limited in the class of soliton- 
type. In case of the hierarchy of the (2 + l)-dimensional KdV equation (LI), an algebro- 



geometric construction of the Baker- Akhiezer function is indeed possible [ [l'L2|| . It may 
be also possible to discuss algebro-geometric ("finite-band") solutions for the (2 -|- 1)- 
dimensional NLS hierarchy by extending our construction of the soliton-type solutions. 

Furthermore, by extending our theory, it may be possible to consider (2+l)-dimensional 
generalizations of other soliton equations, such as the sine-Gordon equation, the Toda 
lattice, and so on. We will discuss the subjects elsewhere. 
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